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We prove, by means of a unified treatment, that the superradiant phase transitions of Dicke and
classical oscillator limits of simple light–matter models are indeed of the same type. We show that
the mean-field approximation is exact in both cases, and compute the structure and location of the
transitions in parameter space. We extend this study to a fuller range of models, paying special
attention to symmetry considerations. We uncover general features of the phase structure in the
space of parameters of these models.
Introduction.– Since the groundbreaking result of
Dicke, in which he found a superradiant state for a local-
ized radiating gas [1], the very concept of superradiance
has been actively investigated. In a superradiant state,
the average photon number is macroscopic, in that the
ratio 〈a†a〉/N is finite in the limit N → ∞, where N is
the number of intervening atoms. The existence of super-
radiant phase transitions (SPT) was rigourously shown
[2, 3] in the Tavis–Cummings model [4], which describes
coupling of N spins to a single bosonic mode with dipo-
lar coupling, but restricts it the Rotating Wave Approx-
imation (RWA). Those early works also considered the
extension to the multimode case, beyond the RWA and
for a multitude of analogous models [5–12].
One more recent development is the realization that a
similar phase transition is also present in a different limit,
which in the Rabi model case corresponds to the photon
frequency tending to zero compared to qubit frequency
[13–18]. This limit is understood as a classical oscillator
[13]. They are realized at zero temperature [19], thus
falling prima facie under the purview of Quantum Phase
Transitions (QPT) [20] (see however the discussion in [19]
to this point). Following the theoretical developments,
there has also been keen experimental interest in realizing
at least some of these transitions [21, 22].
In this letter we put forward a unifying treatment of
SPTs in a wide class of models [23–31], including both
the thermodynamical and the classical oscillator limit. In
all these models there is a competition between the free
hamiltonian for photons and spins, which tends to the
normal phase, and an interaction that, when increased,
produces the superradiant phase. Furthermore, in all
these models the mean field approximation for the bosons
[6] will be exact in the relevant limit. The physical phases
are then studied by analysing the extrema of a Landau
potential. The order parameter at hand is the macro-
scopic boson expectation number. The symmetry or lack
thereof of the underlying Hamiltonian will be apparent
in the Landau potential, and the presence of second and
first order superradiant phase transitions will be directly
related to it.
Unified analysis.– We present a unified treatment of
the thermodynamic limit of the Dicke model and the
classical oscillator model of the quantum Rabi model and
SPTs thereof. Thus, we first consider the family of mod-
els (~ = 1)
H = ωa†a+
N∑
i=1
g√
N
σix(a+ a
†) +
∑
i
∆σiz. (1)
As usual, a and a† denote annihilation and creation oper-
ators for a bosonic mode (the “photon”), while the Pauli
matrices also carry a spin index. The parameters of this
family are ω (photon energy), ∆ (spin energy), g (cou-
pling strength) and N (number of spins), together possi-
bly with inverse temperature β = 1/kBT . We will hence-
forward denote this model as the Dicke–Quantum Rabi
(DQR) model.
In the DQR model in the thermodynamic limit the
order parameter is the ratio 〈a†a〉/N , which, if finite in
the limit N → ∞ for either the thermal or the ground
state is the diagnostic of the superradiant phase.
We now endeavour to identify regions of parameter
space that can be understood as the infinite level set of
a function C on parameter space and for which the ratio
〈a†a〉/C is an order parameter, as first hinted at in [19].
We thus rewrite the Hamiltonian in the form
H = ∆
N∑
i=1
[
ωC
N∆
a†a
C
+
g
√
C√
N∆
σix
(a+ a†)√
C
+ σiz]. (2)
If indeed a transition is to be found, all three terms in
the expression above must appear, since otherwise there
will be no competition that accounts for the change of
phase. Furthermore, they are to be examined under the
hypothesis that 〈a†a〉/C be an order parameter. This
amounts to requiring that in the limit C →∞ the effec-
tive couplings Ω = ωC/N∆ and γ = g
√
C/∆
√
N tend to
a finite value when C →∞.
Thus the region of parameter space of interest is given
by the functions C = Ω (N∆/ω) → ∞, with Ω a finite
nonzero quantity, while at the same time g2/ω∆ is kept
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2finite. One way of reaching this region is to take N →∞,
while keeping finite all other parameters; this corre-
sponds to the usual thermodynamical limit. An alterna-
tive, the classical oscillator limit, is achieved by consid-
ering ∆/ω → ∞, as well as g/ω = (γ/√Ω)√∆/ω → ∞,
while γ and Ω are finite, together with N . This analysis
can be extended to the finite temperature case [32].
Further to the thermodynamical and the classical os-
cillator limits both being included in the infinite level
set of the combination of parameters N∆/ω, they are
also determined there by the mean field approximation.
Namely in that the mean field partition function Z˜ and
the full partition function Z will coincide in that limit.
In a more concrete way, the mean field reduced free en-
ergy f˜ = − ln Z˜/βN∆ and the full reduced free energy
f = − lnZ/βN∆ are equal up to O(ω/N∆) [32].
Following this result, the analysis of phases in terms
of the mean field approximation is exact in the rel-
evant limit ω/N∆ → 0 with finite g2/ω∆. For
the case at hand, namely for hamiltonian (1), the
mean field partition function is computed to be Z˜ =√
N∆/piβω2
∫ +∞
−∞ du exp [−βN∆φ(u)] , where φ(u) =
u2 − ln
[
2 cosh
(
β∆
√
1 + 4γ2u2
)]
/β∆ plays the role
of a Landau potential. This last statement is the
consequence the integral being well approximated by
exp [−βN∆φ(umin)] in the limit βN∆ → ∞, with umin
the location of the global minimum of φ(u). In other
words, f = − ln Z˜/βN∆ ≈ φ(umin). Notice that βN∆ =
βω(N∆/ω), so the limit we were considering from the
outset implies the validity of the further approximation
of the integral by Laplace’s method, as long as βω 6= 0.
The superradiant or normal character of each rel-
evant phase is determined by the order parameter
〈a†a〉/(N∆/ω), which is well approximated by the mean
field prediction ω∂ωf = ω∂ωφ(umin). Since ω∂ωγ =
−γ/2 and γ∂γφ(u) = uφ′(u)− 2u2, we conclude
〈a†a〉
N∆/ω
≈ −γ
2
∂γφ(umin) = u
2
min . (3)
Thus, the system is in a normal phase if the global min-
imum of the Landau potential φ(u) is zero, and in a
superradiant phase if the origin is no longer the global
minimum. The critical line separating the two regions
is tanh(β∆) − 12γ2c = 0. For couplings smaller than the
critical coupling γc(β∆) determined by this equation the
system is in its normal phase, and for γ > γc in a su-
perradiant one. Close to criticality u2min is proportional
to γ − γc, and the transition is second order. Notice
that in this unified treatment we have recovered both the
N → ∞ Dicke SPT [5] and the Quantum Rabi classical
oscillator SPT [15].
Symmetry.– The fact that Hamiltonian (1) presents a
Z2 symmetry is reflected in φ(u) being an even function.
This, together with continuity and u2 being the domi-
nant term of φ(u) for large |u|, fully determines that the
phase transition is second order. To better establish the
connection between the Z2 symmetry and the Landau
potential being an even function, we consider a single
mode inhomogenous anisotropic extension of the DQR
model,
H = ωa†a+
N∑
i=1
[
gi√
N
(a†σ−i + aσ
+
i ) +
giλi√
N
(aσ−i + a
†σ+i )
+ ∆iσiz]. (4)
We term this model inhomogeneous because the dipole
coupling constants gi are different for different qubits,
and similarly the spin energies ∆i and the anisotropy
parameters λi. These are anisotropies in that rotating
and counterrotating terms are differently presented. In
the general case (λi 6= 0 at least for one value of i), this
model has a Z2 symmetry with non trivial group element
Π = exp[ipi(a†a +
∑N
i (1 + σiz)/2)]. Since, for coherent
states |α〉, 〈α|ΠHΠ|α〉 = U〈−α|H| − α〉U†, with U =
U† =
∏N
i=1 σ
z
i unitary, the mean field Landau potential
is even in α.
Let ∆ be a positive generalized mean of the set {∆i}.
Then the mean field approximation is asymptotically ex-
act as N∆/ω → ∞, as before, and again the phase dia-
gram is determined by the mean field Landau potential.
As shown in [32] there are indeed in this limit SPT, all of
them second order and of mean field type, with Z2 sym-
metry breaking. For finite N∆/ω  1, the mean field
approach is still approximately valid, and the Z2 symme-
try should be preserved. So the ground state will take the
approximate form of a “Schro¨dinger cat”-like state for fi-
nite N [32]. Notice that this model includes as a special
case the DQR Hamiltonian (1). A very different symme-
try is present if λi = 0 for all i, i.e. for the inhomogeneous
Tavis–Cummings model. Namely a U(1) symmetry gen-
erated by the conserved quantity a†a+
∑N
i (1+σiz)/2. In
this case the Landau potential depends on α only through
|α|2, reflecting the underlying continuous symmetry, and
the spontaneous symmetry breaking of the second order
SPT will be accompanied by the presence of a Goldstone
mode [32].
To stress the role of symmetry, consider the explicit
breaking of the Z2 by the addition of a static bias iσix
in the previous Hamiltonian. In this case there is no SPT,
as expected, but rather a continuous increase of the order
parameter with the couplings [32].
1st order SPT without symmetry.– A second order
phase transition controlled by an order parameter re-
quires a symmetry to be broken. Not so however for
a first order transition to take place. As an example
of this assertion in the context at hand, consider the
QRM Hamiltonian extended, homogeneously, with a two-
photon coupling term [33, 34],
H = ωa†a+
N∑
i=1
[σix[
g√
N
(a+a†)+
g′
N
(a2+(a†)2)]+∆σiz]. (5)
The stability of the system requires g′/ω < 1/2 [35,
36]. In the generic case g, g′ 6= 0 this Hamilto-
3Figure 1. (a)Phase diagram of the Dicke model with one
and two-photon terms in the thermodynamic limit. (b)The
rescaled average photon number in the classical oscillator limit
at finite temperature ω/kBT 6= 0 with g′/ω = 0.25, g√
∆ω/2
=
0.866 and 〈a†a〉c/C = 2/3. All the critical quantities are
predicted analytically, and match the numerical results.
nian has no symmetry. Following the by now well es-
tablished routine, we obtain the reduced free energy
as the global minimum of a potential φ(u) = u2 −
1
β∆ ln
[
2 cosh
(
β∆
√
1 + [2γu+ 2γ′u2]2
)]
, where γ =
g√
∆ω
and γ′ = g′/ω [32]. The inexistence of the sym-
metry is reflected in the Landau potential not being even
for the generic case. Nonetheless, u = 0 is always an
extreme, and indeed the global minimum when γ and
γ′ are close to 0. On further analysis, there is a criti-
cal region in parameter space that separates normal and
superradiant phases, determined by the existence of a
nonzero solution of φ(u) = φ(0) and φ′(u) = 0 simultane-
ously. When β∆→∞, this set of equations is algebraic
and allows the determination of the explicit critical line
2γ2 + 4γ′2 = 1, coinciding with the single qubit QPT
case [33]. We present the phase diagram for the general
case in Fig. 1(a). Given the lack of symmetry, the tran-
sition has to be first order, and this is indeed checked for
β∆ → ∞, since just above the critical line the rescaled
photon number u(γc, γ
′
c)
2
min = (2γ
′
c/γc)
2 6= 0, as can be
seen from Fig. 1(b).
General structure of the phase diagram.– We now
present a model with a discrete symmetry for which both
continuous and discontinuous SPTs exist, and use it to
illustrate general properties of the phase diagrams of the
family of models under consideration. In particular, we
now study two spins which, on top of being dipole cou-
pled to a photon mode, present XYZ spin-spin interac-
tions [37], with Z2 symmetry,
H = ωa†a+
∑
j=1,2
[gjσjx(a+a
†)+∆jσjz]+
∑
α=x,y,x
J(α)σ1ασ2α.
(6)
We study its phase diagram in the classical oscillator
limit ∆/ω → ∞. Defining the reduced free energy f
from the partition function Z = exp (−β∆f), under the
by now standard assumptions it will be determined as
φ(umin) at the global minimum of a Landau potential
φ(u) = u2 + λ(u), where λ(u) is the smallest eigenvalue
of the two spin operator h(u) =
∑2
j=1 [2γjuσjx + δjσjz]+
Figure 2. Nonidentical two-qubit Rabi model with XYZ spin-
spin interactions. ∆1/∆ = 3, ∆2/∆ = 2, J
x/∆ = 3, Jy/∆ =
2, Jz/∆ = 1. (a)Phase diagram at any finite temperature
ω/kBT 6= 0. (b)Rescaled photon number for g2√
∆ω
= 1.5 at
any finite temperature ω/kBT 6= 0.
∑
α=x,y,z ασ1ασ2α , where ∆ is some positive generalised
mean of {∆j}, γj = gj/
√
∆ω, δj = ∆j/∆, α = J
(α)/∆,
and the order parameter ω〈a†a〉/∆ is computed to be
u2min.
The phase space of interest, thus, is seven dimensional,
and we look at two dimensional sections controlled by the
dipole couplings, organised in a vector ~γ. In a generic
section there will be both continuous and discontinuous
phase transitions. The origin ~γ = 0 is always in normal
phase, since the effective hamiltonian h(u) is then inde-
pendent of u. Furthermore, since the Landau function
presents as φ(u) = u2 + f(u~γ), with f a function of sev-
eral (here two) variables, we see that at critical points
u∗ such that φ′(u∗) = 0 one has ~γ · ∇γφ(u∗) = −2u2∗.
Thus, for non-zero critical points, negative. Addition-
ally, as h(u) is a bounded operator, one sees that for
large ‖~γ‖ the minimum of φ can be approximately lo-
cated at |γ1| + |γ2|, with the prediction that the system
will be in its superradiant phase. It follows that there
will be a region of normal phase around the origin, and
that the radial component of the normal to its boundary,
i.e. to the critical line, will not be zero.
For fixed ~δ, {α}, one can identify whether the transi-
tion is first or second order in a given direction in the ~γ
plane by several methods. First, the second derivative of
φ(u) at zero can be obtained by a second order perturba-
tive computation. If φ′′(0) does not change sign as ‖~γ‖
grows in a fixed direction, the transition in that direction
will be necessarily discontinuous. Alternatively, since the
origin in u space cannot be the (unique) global minimum
if there exists a point us 6= 0 such that φ(0) = φ(us),
this equation is analysed. When this equation is inserted
into the secular equation for h(u) a cubic for the variable
u2s is obtained. The study of its discriminant provides us
with criteria for the existence and kind of solution, and
thus for the location and character of the transition. In
fact, the quantity φ′′(0) will determine the value at the
origin of the cubic, thus connecting both methods.
Notice that in any case there are symmetries in phase
space on which we have relied in the discussion above.
Thus, the effective spin hamiltonian h(u) is isospectral
with h(−u) as a consequence of the Z2 symmetry of the
4initial Hamiltonian. This leads to the symmetry of phase
space with respect to ~γ → −~γ. There are additional sym-
metries of phase space that can be identified in a similar
manner. Thus, for instance, under the transformation
~δ → −~δ.
We illustrate this general analysis with the portrayal
of one ~γ plane section in Fig. 2.
We see in this manner that in the general class of spin
models dipole coupled to a bosonic mode, if there is a
symmetry, there will be a region of normal phase in the
neighbourhood of the origin of the space of dipolar cou-
plings, and that generally one flows radially in this space
to a superradiant phase. The boundary will be composed
generically of patches of first order and second order tran-
sition lines.
The multimode DQR model.- In the single mode anal-
ysis above we observe that the possiblity exists that
by progressively increasing one dipole coupling the sys-
tem can go from superradiant to normal to superradiant
again. Thus, by using multiqubit systems we can have
sequences of transitions, whose experimental realizations
would be of great interest.
Even though the role of the bosonic mode and the spins
are radically different, the fact above suggests that an
extension to several bosonic modes (multi-mode in what
follows) might provide us with rich phenomenology, even
more amenable to experimental realization. Indeed mul-
timode models with dipole couplings can be analyzed
with the techniques presented here [32], and will have
superradiant phases.
In particular, let us examine the following Hamilto-
nian:
H =
M∑
ν=1
ωνa
†
νaν +
N∑
i=1
M∑
ν=1
gν√
N
σix(aν + a
†
ν) +
N∑
i=1
∆iσiz.
(7)
In this case the dipole couplings are homogeneous for
the qubits. Even if that were not the case, it is
easy to observe that a Z2 exists, with generator Π =
exp
{
ipi
[∑
ν a
†
νaν + (1/2)
∑
i (1 + σiz)
]}
. Furthermore,
the system is in normal phase if the vector of dipolar cou-
plings is zero. Following the steps of the previous analy-
ses, we identify a set of order parameters ων〈a†νaν〉/N∆,
with ∆ some average of the spin frequencies ∆i = ∆δi.
Similarly we arrive at a Landau function of M variables
{uν}Mν=1, whose global minimum determines the phase.
In fact, these variable appear in the Landau function
only through the combinations ~u2 and ~γ · ~u, where we
use vector notation for the corresponding M dimensional
objects, in the form φ(~u) = ~u2 − s
[
(~γ · ~u)2
]
for some
function s. The critical points of the Landau function,
other than the origin, are therefore parallel to the vec-
tor ~γ. Analogously to the analysis above, we see that
for critical points other than the origin ~γ · ∇γφ = −2~u2
is negative, whence the radial flow in coupling space is
towards a superradiant phase. The coupling line is deter-
mined by 1/~γ2c = 2
∑
i tanh(β∆i)/N |δi|. The transition
is continuous, with the order parameters behaving radi-
ally with mean field exponent. Since criticality is con-
trolled by the length of the effective coupling vector ~γ,
one can achieve superradiance in a cooperative way. We
term this phenomenon assisted SPT.
Conclusion and perspective.– We put forward the ana-
lytic study of SPT in a unified manner for both the ther-
modynamic and the classical oscillator limits of a wealth
of boson-spin models with dipolar coupling. We show
that in both cases the mean field approximation is exact,
as was expected in the literature. Since we study the
transitions in terms of a Landau potential, the analysis
of symmetry comes to the fore, and we highlight its rel-
evance in a general family of models. We demonstrate
that general features of phase space in terms of dipolar
couplings can be recovered from this approach, and por-
tray anisotropies and first order/continuous boundaries.
We expect that this general framework will be a good set-
ting for new experimental proposals, given the wide range
of phenomenology now available, including assisted SPT
and the identification of first order transitions.
Acknowledgements.– We are thankful to Ricardo
Puebla for helpful discussions. This work was supported
by the the program of China Scholarship Council (No.
201707230010), National Natural Science Foundation of
China (11704320, 11604240), Natural Science Foundation
of Hunan Province, China ( 2018JJ3482), the National
Basic Research Program of China (2015CB921103), the
Program for Changjiang Scholars and Innovative Re-
search Team in University (No. IRT13093), Span-
ish MINECO/FEDER FIS2015-69983-P, Basque Gov-
ernment IT986-16, QMiCS (820505) and OpenSuperQ
(820363) of the EU Flagship on Quantum Technologies.
[1] R. H. Dicke, Phys. Rev. 93, 99 (1954).
[2] K. Hepp and E. H. Lieb, Ann. Phys. 76, 360 (1973).
[3] Y. K. Wang and F. T. Hioe, Phys. Rev. A 7, 831 (1973).
[4] M. Tavis and F. W. Cummings. Phys. Rev. 170, 379
(1968).
[5] F. T. Hioe, Phys. Rev. A 8, 1440 (1973).
[6] K. Hepp and E. H. Lieb, Phys. Rev. A 8, 2517 (1973).
[7] X.-Y. Chen and Y.-Y. Zhang, Phys. Rev. A 97, 053821
(2018).
[8] L. Garbe, I. L. Egusquiza, E. Solano, C. Ciuti,
T. Coudreau, P. Milman, and S. Felicetti, Phys. Rev. A
95, 053854 (2017).
[9] X. Y. Guo, Z. Z. Ren, and Z. M. Chi, J. Opt. Soc. Am. B
5, 1245 (2011).
[10] C. F. Lee and N. F. Johnson, Phys. Rev. Lett. 93, 083001
(2004).
[11] T. C. Jarrett, C. F. Lee and N. F. Johnson, Phys. Rev.
B 74, 121301(R) (2006).
[12] R. Gutie´rrez-Ja´uregui and H. J. Carmichael, Phys. Rev.
A (R) 98, 023804 (2018).
5[13] L. Bakemeier, A. Alvermann and H. Fehske, Phys. Rev.
A 85, 043821 (2012).
[14] S. Ashhab. Phys. Rev. A 87 013826 (2013).
[15] M.-J. Hwang, R. Puebla, and M. B. Plenio, Phys. Rev.
Lett. 115, 180404 (2015).
[16] M.-J. Hwang and M. B. Plenio, Phys. Rev. Lett. 117,
123602 (2016).
[17] M. X. Liu, S. Chesi, Z.-J, Ying, X. S. Chen, H.-G. Luo
and H.-Q. Lin, Phys. Rev. Lett. 119, 220601 (2017).
[18] L.-T. Shen, Z.-B. Yang, H.-Z. Wu, and S.-B. Zheng, Phys.
Rev. A 95, 013819 (2017).
[19] J. Larson and E. K Irish 2017 J. Phys. A: Math. Theor.
50, 174002 (2017).
[20] S. Sachdev, Quantum Phase Transitions, Cambridge Uni-
versity Press, 2 edition (2011).
[21] K. Baumann, C. Guerlin, F. Brennecke and T. Esslinger,
Nature 464, 1301 (2010).
[22] R. Puebla, M.-J. Hwang, J. Casanova, and M. B. Plenio,
Phys. Rev. Lett. 118 073001 (2017).
[23] D. Braak, Phys. Rev. Lett. 107 100401 (2011).
[24] Q.-H. Chen, C. Wang, S. He, T. Liu, and K.-L. Wang,
Phys. Rev. A 86, 023822 (2012).
[25] J. Casanova, G. Romero, I. Lizuain, J. J. Garc´ıa-Ripoll,
and E. Solano, Phys. Rev. Lett. 105, 263603 (2010).
[26] J. S. Pedernales, I. Lizuain, S. Felicetti, G. Romero, L.
Lamata and E. Solano, Sci. Rep. 5 15472 (2015).
[27] J.-F. Huang, J.-Q. Liao, L. T., and L.-M. Kuang, Phys.
Rev. A 96, 043849 (2017).
[28] J. Peng, Z. Z. Ren, G. J. Guo, G. X. Ju and X. Y. Guo,
Eur. Phys. J. D 67, 162 (2013).
[29] X. Gu, A. F. Kockum, A. Miranowicz, Y. Liu, F. Nori,
Phys. Rep. 718-719, 1 (2017).
[30] J. Casanova, R. Puebla, H. Moya-Cessa and M. B. Plenio,
npj Quantum Inf. 4, 47 (2018).
[31] A. F. Kockum, A. Miranowicz, S. De Liberato, S.
Savasta, and F. Nori, Nat. Rev. Phys. 1,19 (2019).
[32] See Suplemental Material for additional details.
[33] Z.-J. Ying, L. Cong, X.-M. Sun, preprint at
arXiv:1804.08128 (2018).
[34] Y.-F. Xie, L. W. Duan, and Q.-H. Chen, Phys. Rev. A
99, 013809 (2019).
[35] J. Peng et.al, J. Phys. A: Math. Theor. 50 174003 (2017).
[36] S. Felicetti, J. S. Pedernales, I. L. Egusquiza, G. Romero,
L. Lamata, D. Braak, and E. Solano, Phys. Rev. A 92,
033817 (2015).
[37] J. Peng, et. al., J. Phys. A: Mathe. and Theor. 47, 265303
(2014).
Supplementary Material: Superradiant phase transitions: exact unified presenta-
tion
S1. MAGNITUDE OF PARAMETERS FOR SPT AT FINITE TEMPERATURE
In the discussion of Eq. (2) we have stressed the need for two parameters to be finite. Indeed, the finiteness of Ω and
γ has been predicated on our desire to identify a SPT at zero temperature. Nonetheless, even at finite temperature
we would require their presence, as will be warranted by considering the partition function Z = Tr [exp(−βH)] for
the Hamiltonian in (2). The reduced free energy f , defined as f = F/(N∆) = −(lnZ)/(βN∆), should be finite for
SPT to be possible in all the (generalised) thermodynamic limits we examine. Denoting, as in the main text, the
purportedly nonzero coefficients ωC/(N∆) = Ω and g
√
C/(∆
√
N) = γ, we find that in a thermal state,
〈a†a〉
C
=
∂f
∂Ω
,
1
N
〈
N∑
i=1
σix
a+ a†√
C
〉
=
∂f
∂γ
. (S1)
Since SPT takes place if the first quantity goes from zero in a region to non-zero elsewhere, the reduced free energy
and its derivatives have to be finite, whence we require finiteness of Ω and γ also in a thermal state.
S2. VALIDITY OF MEAN FIELD APPROACH ON SPT
Here we study the validity of the mean field approximation in
Z = Tr exp(−βH) =
∫
Trsp〈α|e−βH(a†,a)|α〉d
2α
pi
, (S2)
where H(a†, a) = ωa†a+
∑N
i=1
[
g√
N
σix(a+ a
†) + ∆σiz
]
.
Hepp and Lieb [1] obtained the upper and lower bound
Z˜ ≤ Z ≤ exp{βω}Z˜, (S3)
6where Z˜ =
∫
Trspin exp{−β
[
ω|α|2 +∑Ni=1 g√N σix(α+ α∗) +∑Ni=1 ∆σiz]}d2αpi is the mean field approximation of Z.
Here we proceed to prove the asymptotic validity of the mean field approximation when N∆/ω tends to infinity, while
maintaining g/
√
∆ω finite.
After some rearrangements and changing variables to α =
√
N∆/ωα′, we obtain
Z˜ =
N∆
ω
∫
Trspin exp{−βN∆h(α′, α′∗)}d
2α′
pi
, (S4)
where the effective spin hamiltonian h(α′, α∗′) is defined as |α′|2 + ∑Ni=1(g/N√ω∆)σix(α′ + α′∗) + ∑Ni=1 σiz/N .
After tracing out the qubit part, Z˜ = (N∆/ω)
∫
exp{−βN∆φ1(α′, α∗′)}d2α′/pi, with all coefficients of α′ and α∗′ in
φ1(α
′, α∗′) finite in the limit of interest.
The bounds in Eq. (S3) can be rewritten to
− ln Z˜
βN∆
≥ − lnZ
βN∆
≥ − ω
N∆
− ln Z˜
βN∆
. (S5)
Thus, if indeed f = −ln Z˜/βN∆ is finite in the limit N∆/ω →∞, the reduced free energy F/N∆ = − lnZ/βN∆ is
asymptotically determined by f . For all finite values of βω, it is the case that f is asymptotically given by the value
of φ1 at its minimum, whence the result follows.
This analysis can be extended to multimode models with the form
H =
∑
ν
[
ωνa
†
νaν + a
†
νB + a
†
νB
†]+∑
i
∆σiz, (S6)
where B is a atomic operator, i.e. an operator acting on a finite dimensional Hilbert space. The bounds on their
corresponding partition function are [1]
Z˜ ≤ Z ≤ exp(β
∑
ν
ων)Z˜. (S7)
We again observe that the mean field approximation is asymptotically exact as
∑
µ ωµ/N∆→ 0.
Next we extend the study on bounds [1] to the new case of interaction terms with two photons,
H = ωa†a+A+ a†B + aB† + a†
2
D + a2D†. (S8)
B and D are again operators acting on a finite dimensional space H.
Following similar procedures to those presented in [1], we define the cutoff coherent state as
|α, n〉 = Pn|α〉, (S9)
where Pn is the projector onto the states with n photons, so that Pn → I strongly. It is useful to define Kn and
identify some formulae in which it appears, as follows;
〈α, n|β, n〉 = Kn(α, β) = exp[− 12 (|α|2 + |β|2)]
∑n
m=0(α
∗β)m/m!, (S10)
〈α, n|a|α, n〉 = αKn−1(α, α), 〈α, n|a†|α, n〉 = α∗Kn−1(α, α), 〈α, n|a†a|α, n〉 = |α|2Kn−1(α, α), (S11)
〈α, n|a2|α, n〉 = α2Kn−2(α, α), 〈α, n|a†2 |α, n〉 = α∗2Kn−2(α, α). (S12)
The standard convexity inequality 〈ψ|eX |ψ〉 ≥ 〈ψ|ψ〉 exp(〈ψ|X|ψ〉/〈ψ|ψ〉), or its more general Schwartz inequality
form Pn exp(X)Pn ≥ exp(PnXPn) [2] provide us with the corresponding bound with cutoffs
Zn = Tr
[
Pne
−βHPn
] ≥ TrH ∫ d2α
pi
Kn(α, α)× exp{−|α|2Kn−1(α, α)/Kn(α, α) +A
+[Bα∗Kn−1(α, α)/Kn(α, α) +H.C.] + [D (α∗)
2
Kn−2(α, α)/Kn(α, α) +H.C.]} (S13)
Then we take the limit n → ∞ in both sides to obtain Z ≥ Z˜, where Z˜ is the partition function in mean field
approximation.
On the other hand [1, 3],
Zn() ≤ pi−1
∫
d2αKn(α, α)TrH exp{−βHn(α, )}, (S14)
7where
Hn = PnHPn =
1
pi
∫
dαHn(α)|α, n〉〈α, n|,
Hn(α, ) = Hn(α)e
−|α|2 . (S15)
Here
Hn(α) = ω(|α|2 − 1) +A+Bα∗ +B†α+Dα∗2 +D†α2. (S16)
We then take the limit n → ∞ and  → 0 to obtain Z ≤ eβωZ˜. Implicit in this analysis is the requirement that
ω2/4 > ‖D†D‖, as required for stability.
In conclusion, the bounds Z˜ ≤ Z ≤ eβωZ˜ do hold for the (stable) two-photon interaction case, and the reduced free
energy is given asymptotically by the mean field value.
S3. 2ND ORDER SPT WITH SYMMETRY: ANISOTROPIC INHOMOGENEOUS DQR MODEL
Here we consider the anistropic inhomogeneous Dicke-quantum Rabi model,
H = ωa†a+
N∑
i=1
[
gi√
N
(a†σ−i + aσ
+
i ) +
giλi√
N
(aσ−i + a
†σ+i ) + ∆iσz
]
. (S17)
As before, we consider the limit N∆/ω →∞, in which case the mean field approximation of the partition function
Z˜ =
∫
(d2α/pi) Trspin
[
e−β〈α|H(a
†→α∗,a→α)|α〉
]
is asymptotically exact. Tracing out the qubit part, we obtain Z˜ =∫
exp[−φ1(x, y)]dxdy/pi with
φ1(x, y) = βω(x
2 + y2)−
N∑
i=1
ln 2 cosh[β
√
∆2i +
g2i (1 + λi)
2x2
N
+
g2i (1− λi)2y2
N
]. (S18)
Let us change variables u =
√
ω/N∆x and v =
√
ω/N∆y, where ∆ is again a positive generalised mean of {∆i}.
Then the reduced free energy f = − ln Z˜/(βN∆) is well approximated by the value at its global minimum of the
Landau potential
φ(u, v) = u2 + v2 −
N∑
i=1
1
βN∆
ln 2 cosh[β∆
√
δ2i + γ
2
i (1 + λi)
2u2 + γ2i (1− λi)2v2], (S19)
where δi = ∆i/∆ and γi = gi/
√
∆ω.
Extrema of this function satisfy
∂φ
∂u
= 2u− 1
N
N∑
i=1
tanh[β∆
√
δ2i + γ
2
i (1 + λi)
2u2 + γ2i (1− λi)2v2]
γ2i (1 + λi)
2u√
δ2i + γ
2
i (1 + λi)
2u2 + γ2i (1− λi)2v2
= 0,(S20)
∂φ
∂v
= 2v − 1
N
N∑
i=1
tanh[β∆
√
δ2i + γ
2
i (1 + λi)
2u2 + γ2i (1− λi)2v2]
γ2i (1− λi)2v√
δ2i + γ
2
i (1 + λi)
2u2 + γ2i (1− λi)2v2
= 0.(S21)
Clearly the origin (u, v) = (0, 0) is always an extremum, and the global minimum for γi close to 0. If λi 6= 0, Eqs.
(S20) and (S21) cannot be simultaneously satisfied with both u and v different from 0. Let us first assume u = 0. In
this case, v 6= 0 solutions to Eq. (S21) exist if
1
N
N∑
i=1
tanh[β∆δi]
γ2i (1− λi)2
δi
=
N∑
i=1
tanh[β∆i]
g2i (1− λi)2
Nω∆i
≥ 2 . (S22)
The transition is continuous.
Passing now to the case v = 0, we see that a u 6= 0 solution to Eq. (S20) exist if
1
N
N∑
i=1
tanh[β∆δi]
γ2i (1 + λi)
2
δi
=
N∑
i=1
tanh[β∆i]
g2i (1 + λi)
2
Nω∆i
≥ 2, (S23)
8again leading to a continuous transition.
To illustrate this assertion, let us consider the homogeneous case in the limit β∆ → ∞. Criticality is achieved
at γ2(1 + λ)2 = 2 for u 6= 0 solutions and at γ2(1 − λ)2 = 2 for v 6= 0. Close to criticality in the first case,
u2min ≈ 2(|γ(1 + λ)| −
√
2).
As particular cases of this Hamiltonian Eq. (S20), notice that when all λi = 1, then the inhomogeneous Dicke
model is recovered. The SPT presents itself as u type, with the condition for superradiance
N∑
i=1
tanh[β∆i]
2g2i
Nω∆i
> 1. (S24)
The phase diagram for homogeneous Dicke model is shown in Fig. S1. Notice now that N = 1 with λ = 1 corresponds
to the Rabi model.
Figure S1. Phase diagram of the Dicke model in thermodynamic limit (N →∞).
For these special situations, and for generic values of the parameters as well, the Hamiltonian presents a Z2
symmetry, with generator Π = exp
{
ipi
[
a†a+
∑N
i=1(1 + σiz)/2
]}
. This is reflected by the two u↔ −u and v ↔ −v
symmetries of φ(u, v). In fact it is a function of u2 and v2. It follows that the Hessian matrix at the origin is diagonal
for all values of the parameters. The critical lines identified above correspond to a first sign change in the Hessian
determinant at the origin, that is, when the origin in (u, v) space goes from being a minimum to being a saddle point.
We see here the usual behaviour of continuous transition Landau functions for Z2 symmetry.
The symmetry is enhanced if all λi are zero, in which case the Hamiltonian Eq. (S20) corresponds to the inhomo-
geneous Tavis–Cummings model. Eq. (S19) reduces to
φ(u, v) = u2 + v2 −
N∑
i=1
1
βN∆
ln 2 cosh[β∆
√
δ2i + γ
2
i (u
2 + v2)]. (S25)
This function presents rotational symmetry in the (u, v) plane, which is a reflection of the U(1) symmetry of the
inhomogeneous Tavis–Cummings model. The Hessian matrix at the origin is proportional to the identity, with
proportionality constant 2 − (1/N)∑i γ2i tanh(β∆i)/δi. Criticality is determined by this quantity being zero, or,
equivalently, by the Hessian determinant at origin being zero. That is, the system is in a superradiant phase if
N∑
i=1
tanh[β∆i]
g2i
Nω∆i
> 2 . (S26)
9The Landau function goes from having a global minimum at the origin to a Mexican hat like shape. Using polar
coordinates, we can interpret the symmetry breaking as forcing the choice of a particular direction θ, with θ the polar
angle. All these directions are equivalent, so we expect the gapless excitations.
Let us now study ground states, of particular relevance in the Quantum SPT case. Namely, once the minimum point
has been determined, we can produce a variational estimate also for the ground state wavefunction. For concreteness,
take the case λi = 1, which is the inhomogeneous DQR Hamiltonian. The effective mean field Hamiltonian reads
H (umin) = N∆u
2
min + ∆
N∑
i=1
[2uminγiσix + δiσiz] , (S27)
which is a sum of independent spin terms, readily diagonalizable. The ground state in spin space of H (umin) is
|ψsp〉 = ⊗Ni=1
(
sin θi
− cos θi
)
, (S28)
where the angles are defined by
tan θi =
2uminγi
δi +
√
δ2i + 4u
2
minγ
2
i
. (S29)
The average spin energy in the ground state, in units of ∆, is therefore
1
N
〈
N∑
i=1
σiz
〉
= − 1
N
N∑
i=1
δi√
δ2i + 4γ
2
i umin
. (S30)
When the symmetry is broken, the ground state is determined by a non-zero umin, resulting in the total ground state
(both bosonic and spin spaces) |gs〉 = |αmin〉 ⊗ |ψsp〉.
Outside of the generalised thermodynamic limit the mean field approach still provides us with a good approximation.
The Z2 symmetry is however not broken, so the ground state, which presents odd parity, takes the approximate form
|GS〉 = 1√
2
[
|αmin〉 ⊗Ni=1
(
sin θi
− cos θi
)
− | − αmin〉 ⊗Ni=1
(
sin θi
cos θi
)]
=
1√
2
[(|αmin〉 − | − αmin〉)|ψsp+〉+ (|αmin〉+ | − αmin〉)|ψsp−〉] , (S31)
where |ψsp±〉 is the |±〉 eigenstate of
∏N
i=1 σiz. Given the effectively zero overlap 〈αmin|−αmin〉, this state is normalized
to be a “Schro¨dinger cat”-like state for finite N . In single qubit Rabi case, umin =
1√
2
√
γ2
γ2c
− γ2cγ2 , γc =
√
1/2, so
tan θ =
2uminγ
1 +
√
1 + 4γ2u2min
=
√
γ4 − γ4c
γ2 + γ2c
=
√
γ2 − γ2c
γ2 + γ2c
. (S32)
Knowing the explicit ground state (in the variational approximation), we can portray many of its characteristics.
For illustration, we consider the photon number distribution of the ground state of the quantum Rabi model (N=1)
with ∆/ω  1. Now, the probability of measuring n photons in this state while having spin up, Pne, will be zero for
even n, and, similarly, the probability of odd photons with spin down will be zero. This results in
P2m+1,e = 2 sin
2 θ e−|αmin|
2 |αmin|2(2m+1)
(2m+ 1)!
,
P2m,g = 2 cos
2 θ e−|αmin|
2 |αmin|4m
(2m)!
. (S33)
We portray these expressions, together with those obtained by direct diagonalization, in Fig. S2.
S4. NO SYMMETRY
We have stressed in the analysis above that the Z2 symmetry has guaranteed that the relevant φ(u) function is
even. This has allowed us to establish the existence of a SPT and its second order character. Now we break this
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Our results
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Figure S2. The ground state photon distribution of the Rabi model. ∆ = 16, ω = 1/16, g = 1, in arbitrary units, corresponding
to γ = 1, γc = 1/
√
2, C = ∆/ω = 256, 〈a†a〉 = Cu2min = C|αmin|2 = 192. The red dots are obtained from Eq. (S33), while the
blue dots are obtained by numerical diagonalization of the Hamiltonian. The yellow dots portray the difference.
symmetry by adding a static bias. More concretely, we consider the Hamiltonian
H = ωa†a+
N∑
i=1
gi√
N
σix(a+ a
†) +
N∑
i=1
∆iσiz +
N∑
i=1
eiσix (S34)
= ∆
N∑
i=1
[
Ω
a†a
C
+ γiσix
a+ a†√
C
+ δiσiz + iσix
]
, (S35)
where, as before, C will be the parameter or combination of parameters that give a macroscopic limit, while Ω, γi,
δi = ∆i/∆ and i = ei/∆ are finite, with ∆ being some average of ∆i. Choosing C = N∆/ω we set Ω = 1, while
γi =
gi√
∆iω
.
This model presents no parity symmetry. Nonetheless, the analysis above will be applicable in that in both the
thermodynamical and the classical oscillator limit the mean field approximation of the partition function will be
adequate. Following indeed the steps presented above we obtain the corresponding φ(u) function,
φ(u) = u2 − 1
β∆N
N∑
i=1
ln
[
cosh
(
β∆
√
δ2i + (i + 2γiu)
2
)]
. (S36)
Clearly this is no longer an even function of u if not all biases i are zero, whence it follows that u = 0 is not generically
an extremum. For definiteness, let us concentrate on the homogenous case with finite N , in the classical oscillator
limit. The Landau potential φ(u) is
φ(u) = u2 −
√
1 + (+ 2γu)
2
. (S37)
Its derivative is
φ′(u) = 2u− 2γ(+ 2γu)√
1 + (+ 2γu)
2
, . (S38)
One readily sees that the origin is never an extremum for generic  and γ: The system always presents a macroscopic
photon number.
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S5. DICKE MODEL WITH ONE AND TWO-PHOTON TERMS
A relevant question is whether models with dipolar coupling to two photons can also present superradiance. As
we shall see, in general the parity symmetry we have so much relied upon will not be available, so any transition, if
present, cannot be continuous. In order to assess this point, we will, as before, rewrite the Hamiltonian Eq. (5) in
terms of a set of finite parameters Ω, γ and γ′ and a macroscopicity parameter C = N∆/ω. That is,
H = ∆
N∑
i=1
[
a†a
C
+ γ
a+ a†√
C
σix + γ
′ a
2 +
(
a†
)2
C
σix + σiz
]
, (S39)
where γ=g/
√
∆ω, γ′ = g′/ω. Following the by now well established routine, we obtain the reduced free energy
F/(N∆) as the minimum of a potential, now in two variables,
φ(u, v) = u2 + v2 − 1
β∆
ln
[
2 cosh
(
β∆
√
1 + [2γu+ 2γ′ (u2 − v2)]2
)]
. (S40)
The stability of the system requires that the minima be located at a finite point in (u, v) space. Using polar coordinates,
the dominant large radius behaviour of the potential is r2 (1− 2γ′ cos(2θ)). Thus, stability requires |γ′| < 1/2, or, in
the original parameters, |g′| < ω/2. This result has been obtained in different forms in the literature, and the limiting
value corresponds to the spectral collapse due to the two-photon term.
This model has no symmetry for nonzero γ′ and γ. Nonetheless, φ(u, v) is an even function of v for all values of the
parameters. As is only to be expected, there are some regions in parameter space for which a symmetry does exist.
Namely, if γ′ = 0 we recover the Dicke case with Z2 symmetry, and this fact is reflected in φ being an even function
of u as well. If γ = 0 we have a Z4 symmetry arising from u↔ v exchange symmetry and parity. Now we search for
extrema of φ(u, v) on computing the its derivative
∂φ(u, v)
∂u
= 2u− tanh[β∆
√
1 + [2γu+ 2γ′ (u2 − v2)]2] (2γ + 4γ
′u)
[
2γu+ 2γ′
(
u2 − v2)]√
1 + [2γu+ 2γ′ (u2 − v2)]2
, (S41)
∂φ(u, v)
∂v
= 2v + tanh[β∆
√
1 + [2γu+ 2γ′ (u2 − v2)]2] 4γ
′v
[
2γu+ 2γ′
(
u2 − v2)]√
1 + [2γu+ 2γ′ (u2 − v2)]2
. (S42)
From Eq.(S42), one immediately sees that ∂vφ(u, 0) is identically zero. In the alternative, one obtains a line in the
(u, v) plane. On computing the first equation on this line, one obtains a linear equation for u. On substituting
back into the line to determine critical points, one sees that there are no real solutions for v, as long as the stability
condition is satisfied. It follows that all the extrema are located on the v = 0 line. We thus have to analyze the
extrema of
φ˜(u) = u2 − 1
β∆
ln
[
2 cosh
(
β∆
√
1 + [2γu+ 2γ′u2]2
)]
. (S43)
Clearly u = 0 is the global minimum when γ and γ′ → 0.
In the limit β∆ → ∞ the crucial equations become algebraic. In particular, in this limit a nonzero solution to
φ(u) = φ(0) will exist when 2γ2 + 4γ′2 ≥ 1, and in fact φ′(u) = 0 at criticality, 2γ2 + 4γ′2 ≥ 1. We thus establish the
existence of a first order superradiant transition with the aforementioned critical line.
We illustrate our results in the main text by diagonalizing the Hamiltonian with N = 1 and ∆/ω = 200. We portray
the expected first order quantum phase transition in Fig. S3(a) and S3(b). The crossing between ground and first
excited state is necessarily avoided with finite parameters. Nonetheless, the change from zero to macroscopic photon
number is extremely sharp, as expected from the analytic results for the limiting case of ∆/ω →∞.
S6. GENERAL STRUCTURE OF THE PHASE DIAGRAM
The single mode models we are considering have the general structure
1
ω
H = a†a+A+Ba† +B†a+D
(
a†
)2
+D†a2 , (S44)
12
Figure S3. (a)Energies of the ground state (GS) and 1st excited state (ES) obtained by direct diagonalization of the Hamiltonian
Eq. (5) with N = 1, ∆/Nω = 200, g′/ω = 0.25, gc√
∆ω/2
= 0.866. 〈ωa†a
N∆
〉c = 2/3. (b)The photon number of the GS and 1st ES
in (a). 〈a†a〉c = 400/3. The numerical results match the exact analysis for N∆/ω →∞.
with A, B and D operators that act on a finite dimensional Hilbert space H. These operators depend continuously on
the (reduced) parameters that define the phase space of interest. We have shown above that, as long as ‖D†D‖ < ω2/4,
the mean field approximation will be valid for (generalised) thermodynamic limits, and that the phase structure will
be determined by a Landau potential of the form
φ(u, v) = u2 + v2 + λ(u, v) , (S45)
or possibly reduced to one variable u. The symmetries of φ(u, v) will be inherited from those of the Hamiltonian.
This function is continuous and differentiable in the situations we study. Furthermore, it is also continuous and
even differentiable with respect to the parameters of the model. In all cases of interest, the dominant term for large
u2 + v2 will be quadratic in these variables. Additionally, in most cases the origin will be an extremum of the Landau
potential. Not so, let it be noted, when a bias is introduced. Given these two considerations, namely that for large
order parameter the Landau potential grows quadratically, and that the origin is an extremum for all values of the
parameters, it follows that there are two alternatives: either the origin is the unique global minimum or there exists
at least one non zero point (u∗, v∗) such that φ(u∗, v∗) = φ(0, 0). This special point (or points) will depend on the
reduced parameters.
If indeed the system is in the superradiant region of phase space, the potential will have a global minimum away
from the origin. The location of the minimum will also depend on the parameters, non analytically at the phase
transition.
In the cases of interest, there is a set of dipolar couplings ~γ, such that the potential can be written as
φ(u) = u2 + µ(u~γ) , (S46)
with µ a function of several variables, µ(~x). Notice that this indeed applicable to the Dicke model with both one and
two photon terms presented in Eq. (S39) of Section S5, with ~γ = (γ,
√
γ′). We readily write ∂uφ = 2u+~γ ·∇µ, where
we denote with ∇ the gradient with respect to the variables of function µ. Since φ depends on the dipolar couplings,
we can also consider its gradient in dipolar coupling space, ∇γ . Clearly we have ∇γφ = u∇µ. Combining these two
results, we conclude
u∂uφ = 2u
2 + ~γ · ∇γφ . (S47)
We see that if there is an extremum of φ away from the origin, ~γ · ∇γφ will be negative at that point. Hence, the
radial derivative in dipolar coupling space is negative at that point, and if the nonzero extremum is a minimum, an
increase in coupling it will deepen. Thus, once in a superradiant phase, a radial increase in the dipolar couplings will
move us further into the superradiant phase.
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S7. TWO-QUBIT RABI MODEL WITH HEISENBERG INTERACTION
As we have stated, in the family of models under consideration going radially in dipolar coupling space one moves
deeper into the superradiant phase, once that superradiance has been achieved. It is not the case, however, that there
is isotropy in dipolar couplings. To illustrate this point, we have mentioned in the main text, Eq. (6), the following
model that we restate here,
H = ωa†a+
∑
j=1,2
[gjσjx(a+ a
†) + ∆jσjz] +
∑
α=x,y,x
J (α)σ1ασ2α . (S48)
This model presents generically a Z2 symmetry, with operator Π = exp
{
ipi
[
a†a+
∑2
i=1 (1 + σiz) /2
]}
.
Let us define ∆ as some average of the spin energies ∆i, be it ∆ =
∑
i ∆i/N if not zero, or ∆i =
(∑
i ∆
2
i /N
)1/2
, or
some other generalised mean. We now define γj = gj/
√
∆ω, δj = ∆j/∆ and α = J
(α)/∆. After following the same
analysis as before for other models, we arrrive at an effective mean field spin hamiltonian
h(u) =
2∑
j=1
(2γjuσjx + δjσjz) +
∑
α
ασ1ασ2α . (S49)
We study this model in the limit β∆ → ∞. In this case the phase structure is controlled by the Landau potential
φ(u) = u2 + λ(u), with λ(u) the smallest eigenvalue of h(u).
In this case, as we shall see, there is generically an anisotropy in the space of dipolar couplings due to the presence
of the spin interactions and different spin energies, together with inhomogeneous dipolar couplings. In fact, in the
limiting case α → 0, which we have studied earlier, it is trivial to determine that λ(u) = −
∑
j
√
δ2j + 4γ
2
j u
2. This
provides us with the critical line
2
∑
j
γ2j
|δj | = 1 . (S50)
This critical line is an ellipse, more or less elongated depending on the inhomogeneity of δj . It is important to notice
that the actual shape of the critical line can be computed perturbatively in this case. To understand this statement,
consider the case in which the spin energies are the same and positive, δ1 = δ2 = δ > 0. The smallest eigenvalue of h(0)
will be −2δ. Computing λ(u) perturbatively to second order, the corresponding eigenvalue reads −2δ−2(γ21 +γ22)u2/δ.
This comes about because in these cases the transition is second order in all directions.
In this general model, however, the possibility exists of first order transitions. To show that this is indeed the case,
we consider the homogeneous model, in which γ1 = γ2 = γ and δ1 = δ2 = δ. In this case we rewrite the effective spin
hamiltonian as
h(u) = 4γuSx + 2δSz + 2
∑
α
αS
2
α −
∑
α
α , (S51)
where S = (σ1 + σ2)/2. In the singlet subspace the eigenvalue is −
∑
α α. This eigenvalue is independent of u.
Thus, consider the situation in which there is a point u∗ at which the smallest eigenvalue of h(u) in the triplet space
crosses the constant eigenvalue in the singlet subspace. The Landau potential, for u < u∗, is of the form u2 −
∑
α α,
while for u > u∗ there is an additional u dependence, which can introduce a new minimum at finite distance from
the origin. Consider, for example, a situation in which y = 0, x > 0 and z >
√
2x + 4δ
2 − x > 0. In this case the
smallest eigenvalue of h(u) close to u = 0 is the singlet space one. As u grows, the dominant term of h(u) will be the
first one, and the smallest eigenvalue of h(u) for large u will be −4γu. Clearly at some point the smallest eigenvalue
of the triplet subspace will cross the constant singlet eigenvalue. Furthermore, from that point on the derivative of
the Landau potential will behave as u2 − 4γu plus correction terms, thus having a minimum with smaller value than
that at the origin. This means that the transition can in this case be a first order one.
This analysis suggests rewriting the effective spin hamiltonian as
h(u) = 2 (γ1 + γ2)uSx + (δ1 + δ2)Sz + 2
∑
α
αS
2
α
−
∑
α
α
+ (γ1 − γ2)u (σ1x − σ2x) + 1
2
(δ1 − δ2) (σ1z − σ2z) .
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In this form, the first line acts only on the triplet space, the second line is proportional to the identity, and the third
line connects the singlet and the triplet spaces. At large u > 0, the smallest eigenvalue will be − (|γ1|+ |γ2|)u. One
sees that the transition can be first order if this behaviour sets in before being overwhelmed by the u2 term and the
behaviour close to the origin of the smallest eigenvalue is very weakly dependent on u.
We have thus shown, qualitatively, that anisotropy is present in dipole coupling space, and that both first and
second order transitions are feasible for some range of parameters.
Let us consider now an specific case for which a complete analysis can be easily provided; namely, identical spins
(γ1 = γ2 = γ, δ1 = δ2 = δ) with isotropic spin–spin coupling (x = y = z = ). Under the condition  > |δ|/2 the
Landau potential reads
φ(u) =
{
u2 − 3 if |u| ≤ 12|γ|
√
42 − δ2 ,
u2 + − 2
√
δ2 + 4γ2u2 if |u| ≥ 12|γ|
√
42 − δ2 . (S52)
Differentiating the second expression, we see that its minimum (other than zero) would be located at |um| =
2|γ|√1− δ2/16γ2. This is the minimum, corresponding to a superradiant phase, if 16γ4 > 42 > δ2. Once 
and δ are fixed (and the condition  > |δ|/2 holds), the critical point for a first order transition is given by γ2c = /2.
On the other hand, if  < |δ|/2 the smallest eigenvalue is always  − 2
√
δ2 + 4γ2u2, for all values of u. There will
be a continuous transition with critical dipolar coupling γ2c = |δ|/4. The first and second order critical surfaces in the
three dimensional space of γ,  and δ have the common line γ2 = /2 = |δ|/4.
In order to go forward and provide a more quantitative assessment, it is convenient to remember that the Landau
potential will not have a unique global minimum at the origin u = 0 if there exists a finite, nonzero value of u such that
φ(u) = φ(0) holds. In the case at hand, this corresponds to the equation λ(u) = λ(0)− u2. Since the determination
of the smallest eigenvalue for generic parameters and order parameter u is rather involved as a first step, and the
computation of the derivative of the Landau potential hinges on this first computation, we sidestep the process in some
cases by inserting the equation λ(u) = λ(0)− u2 in the secular equation Det [h(u)− λ(u)1]. This technique provides
us with an analytical tool that can be also implemented numerically. We portray a number of cases in Figures S4, S5
and S6. To be more explicit, the substitution we have mentioned leads us to a cubic equation in the variable u2. We
are looking for real positive roots of the corresponding cubic polynomial. In particular we are looking for the existence
of a real positive double root in order to identify criticality. This entails the discriminant of the cubic being zero.
One also must look at the value of the polynomial at u2 = 0, to assess whether the number of positive zeros (with
multiplicities) is even or odd. Given some parameters for the spin energies and spin–spin couplings, this provides us
with analytic equations for the dipolar couplings, and the result can be checked by numerical diagonalization.
This analysis provides us with a specific check on the general phase structure on the space of dipolar couplings
presented above in Section S6. Indeed, as shown in the main text, the region close to the origin of dipolar couplings
is in normal phase, and one goes radially into a superradiant one in the cases portrayed there.
S8. MULTI-MODE DICKE-QR MODEL
According to our analysis, the partition function can be written as
Z =
∫
. . .
∫
Trsp exp{−β[
∑
ν
ων(x
2
ν + y
2
ν) +
∑
i,ν(2gνxν)σix√
N
+
∑
i
∆iσiz]}dx1dy1 . . . dxνdyν
piM
. (S53)
After tracing out the qubit and y part, we obtain
Z =
√
1
piMβMω1ω2 . . . ωM
∫
exp{−β
∑
ν
ωνx
2
ν +
∑
ı
ln
[
2 cosh[β∆
√
δ2i +
4(
∑
ν gνxν)
2
N∆2
]
]
}dx1 . . . dxM , (S54)
Making the transformation xν →
√
N∆
ων
uν , we obtain Z = N
′ ∫ exp{−βN∆φ(uν)}duν , with
φ(uν) =
∑
ν
u2ν −
1
βN∆
∑
i
ln
2 coshβ∆√δ2i + 4(∑
ν
γνuν
)2
]
 , (S55)
where γν =
gν√
ων∆
, δi = ∆i/∆, ∆ is the average of ∆i. For finite temperature β  1N∆ , βN∆ is infinite, so according
to Laplace’s method, the reduced free energy FN∆ is determined by the global minimum of φ(um), m = 1, 2, . . . ,M ,
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Figure S4. Left panel: The average rescaled photon number and reduced free energy of the identical two-qubit Rabi model
with qubit dipole interaction at any finite temperature ω/kBT 6= 0 obtained by finding the global minimum of φ(u) numerically.
Right panel: The lowest eigenenergy levels in each parity subspace and their average photon numbers obtained by diagonalizing
the Hamiltonian numerically. (a)x = 1. γc = 0.803, 〈ωa†a∆ 〉c ∼ 1.308. (b)∆/ω = C = 200, x = 1, 〈a†a〉c ∼ 261.6. (c)x = 0.2,
γc = 0.55387.(d)∆/ω = 800, x = 0.2. All the critical properties are obtained analytically, coinciding well with the numerical
results.
Figure S5. Left panel: Identical two-qubit Rabi model with XYZ Heisenberg interaction x = 1.1, y = 0.3, z = 0.5 at any
finite temperature ω/kBT 6= 0.(a)The average rescaled photon number and reduced free energy obtained by finding the global
minimum of φ(u) numerically. γc = 0.781063 and u
2
c = 1.65378.(f)Lowest energy levels obtained by direct diagonaliztion of the
Hamiltonian for ∆
ω
= 200. 〈a†a〉c ∼ 330. All the critical properties are obtained analytically, coinciding well with the numerical
results.
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Figure S6. Nonidentical two-qubit Rabi model with XYZ spin-spin interactions. ∆1/∆ = 3, ∆2/∆ = 2, J
x/∆ = 3, Jy/∆ = 2,
Jz/∆ = 1, g2√
∆ω
= 1.5, at any finite temperature ω/kBT 6= 0.(a)Reduced free energy. (b)Rescaled photon number. The 2nd
order SPT happens at g1a√
∆ω
= 0.778, while the 1st order SPT takes place at g1b√
∆ω
= 1.31, 〈ωa†a
∆
〉c ∼ 6.21. (c) and (d)Lowest
energy levels obtain by direct diagonalizing the Hamiltonian at ∆
ω
= 100. 〈a†a〉c ∼ 6.20.
which should satisfy
∂φ
∂um
= um − 1
N
∑
i
tanh[β∆
√
δ2i + 4
(∑
ν
γνuν
)2
]
2
∑
ν(γνuν)γm√
δ2i + 4
(∑
ν γνuν
)2 = 0, (S56)
so uν =
γνu1
γ1
. Substituting this into Eq. (S56) for m = 1, and defining γ2 =
∑
ν γ
2
ν , we obtain
u1
(
1− 1N
∑
i tanh[β∆
√
δ2i + 4γ
4u21/γ
2
1 ]
2γ2√
δ2i+4γ
4u21/γ
2
1
)
= 0. (S57)
One solution is u1 = 0 and hence uν = 0, which is clearly global minimum when g ∼ 0. γ-dependent solution exists
for
γ2 ≥ N
2
∑
i(tanh[β∆i]/δi)
. (S58)
At the critical γc, uν(γc) = 0, so f(uν(γc)) = f(0), but as γν increases, all nonzero φ(uν) are decreasing, so the global
minimum should be this γ-dependent extreme. For identical qubit ∆i = ∆, it is easy to obtain the critical γ
2
c = 1/2
and ωνa
†a
N∆ = u
2
ν =
γ2ν
4 (
1
γ4c
− 1γ4 ) for SRP in classical oscillator or zero temperature case (β∆→∞) from Eq. (S57).
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